FUNCTIONAL DEPENDENCE*

BY
ARTHUR B. BROWN

1. Introduction. The condition for dependence of # functions of n+p
variables is roughly that every determinant of order » formed from the
matrix of the first partial derivatives vanish identically. The theorem easiest
to prove assumes condition (A): One of the determinants of highest order which
do not vanish identically is different from zero at a given point. The first theorem
free from condition (A) is due to Bliss,} who established an analytic relation
in the case of two analytic functions of not more than two variables. Osgood}
proved that, for the case of three or more analytic functions of as many vari-
ables, the identical vanishing of the Jacobian does not necessarily imply that
the functions satisfy an analytic relation. No result of a positive nature was
given in this case.

More recently, Knopp and Schmidt§ have established a relation for the
case of » real functions, of class C’,|| of not more than # variables. The result
is obtained in the large, and free of condition (A).q

In the present paper we treat first the real case, extending the results

* Presented to the Society, October 27, 1934; received by the editors September 17, 1934,

t G. A. Bliss, Fundamental Existence Theorems, Colloquium Publications of the American
Mathematical Society, vol. 3, part 1, 1913. See also Osgood, Lekrbuch der Funktionentheorie, vol. 2,
part 1, chapter 2, §24, where a treatment involving parameters is given. We refer to the latter book
as Osgood II.

1 W. F. Osgood, On functions of several complex variables, these Transactions, vol. 17 (1916),
pp. 1-8.

§ K. Knopp and R. Schmidt, Funktionaldeterminanten und Abhingigkeit von Funktionen, Mathe-
matische Zeitschrift, vol. 25 (1926), pp. 373-381. We refer to this paper, and to the authors, as
K and S.

|| A function of class C®) is one baving all partial derivatives, continuous, of order 4. A func-
tion of class C is one having all partial derivatives, continuous, of every finite order.

9 For a proof of the same results under the weaker hypotheses that the functions need not be of
class C’ but are merely differentiable in the sense of Stolz, see A. Ostrowski, Funktionaldeterminanten
und Abhingigkeit von Funktionen, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 36
(1927), pp. 129-134.

‘We mention also a paper by G. Doetsch, Die Funktionaldeterminante als Deformationsmass einer
Abbildung und als Kriterium der Abhingigkeit von Funktionen, Mathematische Annalen, vol. 99
(1928), pp. 590-601. He defines a point as regular if the matrix of first partial derivatives has the
same rank there as at all sufficiently nearby points, otherwise singular. He establishes a functional
relation without restriction on the number of variables, under each of the following hypotheses:
(i) there are no singular points in the set under consideration; (ii) the singular points are mapped on
a set of measure zero; (iii) the singular points lie on an at most denumerably infinite set of #-dimen-
sional manifolds.
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of K and S to the case that the number of variables is arbitrary (but finite).
The proof of K and S does not generalize in any obvious manner so as to give
this result. No conditions like those of Doetsch are imposed. Conditions of
differentiability are imposed. It would be interesting to know to what extent,
if any, these conditions are necessary. [Added in proof: See footnote to
Theorem 4.11.]

In the second part we treat the case of # analytic functions of any finite
number of variables. We establish here an important property which would
obtain if an analytic relation did exist, namely that the point set determined
by the given functions in the representing space for the values of the func-
tions has the properties that it is nowhere dense* and that it cannot discon-
nect any regiont of the space.

Finally we treat the case of two analytic functions of # complex variables,
extending the results of Bliss to the case that # is no longer restricted not to
exceed 2. Our relation, like that of Bliss, is satisfied only by the values of the
given function. In this case we construct a new proof, different from that of
Bliss.

In all cases parameters are included. In the case of reals, a relation is ob-
tained which is satisfied only by the values of the functions, which is not the
case with K and S.{

2. Preliminary lemmas. We now introduce some lemmas which are help-
ful in the subsequent proofs.

LemMma 2.1. Let a transformation
(2.1) u,~=v,~(x1,-~-,x,.)=v,-(x) 0=1,"‘,M),m>l,n>1:

be given, where vi(x) is real and continuous over a closed bounded set K of real
(x)-space, with B a closed subset of K. Then if each point of B has a neighborhood
on B whose image under (2.1) is nowhere dense in real (u)-space, and if each
point of K —B has a neighborhood on K — B whose image is likewise nowhere
dense, the image of K in (u)-space is nowhere dense.§

Since the sum of a finite number of nowhere dense sets is nowhere dense,
it follows easily upon use of the Heine-Borel theorem that the image of B
is nowhere dense. If Q is any point of (#)-space, and N any neighborhood of

* This first property also follows easily from the results in the case of reals.

1 Region denotes connected open set, hence connected by curves (Hausdorff, Mengenlehre, 2d
edition, p. 154, Theorem VIII). Domain denotes (non-vacuous) open set.

1 To obtain this result we modify the treatment in one of the two parts of K and S. It was found
necessary to replace the other part of K and S by a different treatment.

The present paper is complete in itself.

§ Aset Sisdenseata p%int if the point has a neighborhood which consists of limit points of S.
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Q, a set D(B) can be found open on K and containing B, with image having no
point on a sub-neighborhood N; of N. By applying the Heine-Borel theorem
to K —D(B), we then find that the image of K has no point on a sub-neighbor-
hood N of Ni. As Q is arbitrary, we infer that the lemma is true.

LEMMA 2.1I1. Under the hypotheses of the preceding lemma, suppose each
point of B has a neighborhood on B whose image in (u)-space is not only nowhere
dense but also has the property that it cannot disconnect any region of (u)-space,
and each point of K — B has a neighborhood on K — B whose image satisfies the
same conditions. Then the image of K in (u)-space is nowhere dense and cannot
disconnect any region of (w)-space.

As the proof is similar to that of Lemma 2.I, we omit it.

LemMA 2.1I1. Given the equations (2.1) with vi(x) of class C’, and with the
matrix A of first partial derivatives of rank <r neighboring a point (x°) = (%2,

-, x2), with 0<r, suppose 0v1/3x1%0 at (x°). If we substitute the solution
2.2) %1 = E1(u1, %3y + * + , %n)

of the first equation in (2.1), determined at (x°), in the remaining equations (2.1),
obtaining

(2.3 ui=g-i(ul,x2”")xn) (j=21°"’m):
then the matrix of the first partial derivatives of the {’s with respect to xs, - - - , %n
has rank <r—1 for (us, %z, - - - , %) near [v2(x%), 22, - - -, 22 ).

If either n—1 or m —1 is less than 7, the result is obvious. In the contrary
case, take any r-rowed determinant of the partial derivatives, as

) cee Lt
”a” - (3’2, ) §.+1)

(mg, - -+ Xey1)
With the help of the identity

.

fi(ul, X2y * "0y xn) = vi[El(“b X2y "y xn)’ Xy ** 0, xn]
and the fact that (2.2) is the solution of the first equation (2.1), the (—1)st
row of ||of| can then be written (=2, 3, - - -, r+1):

[av,- < v, 61)1> " Bv,'] I: 61:,-( o 61:1) " 0 ]

6x1 axz axl axz c’)xl ax,.H ax1 8x,+1 )
Since each bracket is a sum of two terms, « equals a sum of 27 determinants.
But any of these which contain at least two columns of first terms are zero,

since those columns are proportional. There remain only 41 of the 27 de-
terminants, and their sum is seen to be the expansion of
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g = 9(v1, v3, * -, V1)

6(x1: 2 TR xr+1)

by minors of the first row, except for a factor dv:/dx, of each term. Since A is
of rank <r,3=0. Hence o =0 and the lemma is true.

3. A nowhere dense map. Before stating the next lemma, we introduce
the following notation. If m and # are integers, m =0, let k, and ¢(m, n) be
the integers defined as follows:

@.1) n/m < kn < (n/m) +1;
3.2) Hm, n) = by if n < 2m,
(3.3) tm, n) = tm,n — 1) + kn — 2if n > 2m.
LemMA 3.1. Given the functions vi(xy, - - -, %),7=1, - - - , m, of class C®,

t21, in a domain D of real (x)-space, let L be a closed bounded subset of D, at
each point of which all the first partial derivatives of all the v's are zero. Suppose
t2t(m, n). Then under the transformation

(3'4) ui=vi(xl""’xn)5vi(x) (]= 1, ,m))
the image of L in (u)-space is nowhere dense.

From (3.2) and (3.3) we see that k,<i(m, n), and since ¢=¢(m, n) it
follows that ¢=k,.

Let k=k, and L, be the locus of points of L at which all partial deriva-
tives of orders 1 to % inclusive, of all the v’s, are zero. Let >0 be a constant
such that the distance from L to the boundary, if any, of D is > n1/2b. Given
>0, we choose 8, with 0 <& <), so that at all points not farther than »'/25
from L,, any kth-order partial derivative of v;, j=1, - - -, m, is in absolute
value less than 5. Next we subdivide (x)-space into #n-cubes by planes
xj=p/2* p any integer, choosing % as a positive integer such that e=1/2*< 4.
We consider those closed cubes ¢ of this subdivision each of which contains a
point of L,. If we let P’ be the image in (%)-space, under (3.4), of a point P
on L, in a cube g, it follows from Taylor’s theorem with the remainder that
the other points of g are transformed into points whose coordinates differ from
those of P’ by less, in any case, than

nkek ¢ 2nk )

n = k = —
T2 TR
Therefore the transforms of the points of ¢ lie in a cube of edge ={e*, hence
of volume ={™e*™. Since the volume of the original cube ¢ is e, the ratio of
the volumes is {™e*™". Now km —n=0, by (3.1), since k=k,; and { and e
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can be made as small as we like. Since the total volume of the cubes ¢ does
not increase as e=1/2* becomes smaller, it follows that L; can be enclosed
in a finite set of closed cubes whose image has Jordan measure less than a
fixed preassigned constant. Hence the image of L, has Jordan measure zero,
and since the image is a closed set, it must be nowhere dense.*

If n<m then k=1 and L, =L, and the proof of Lemma 3.1 is completed.
If n>m then £>1 and we continue.

From Lemma 2.1 we see that we can now confine our attention to a neigh-
borhood of an arbitrary point of L—L,. First we take the case of a point
where all partial derivatives of orders 1 up to k—1, of all the v’s, are zero.
As we are going to treat separately the case (which can arise only if £>2) of
a point at which at least one derivative of order £—1 is different from zero,
it follows, again from Lemma 2.1, that for the present we need merely con-
sider a closed set, say L,, in a neighborhood of a point Q of L— L;, with all
partial derivatives of orders up to £—1 vanishing at each point of L.

Since Q is not on Ly, at least one derivative of order % is not zero at Q,
say 0*,/dx,*=0. Since n>m, n>1. Now we apply the implicit function
theorem to the locus 8*~'v;/dx,*~! =0, which contains L,, obtaining that locus
in the form

(3.5) %1 = £1(%g, - - -, %,), of class CU—F+D) }

We take L, small enough so that (3.5) contains L,. Let /; be the locus of points
of (s, - - -, x.)-space which, under (3.5), give points of L,. Now we sub-
stitute in (3.4) obtaining the equations

(3'6) ui=vi[£1(x2:"' :xn)’ Xoy 7xn] (j= 1: ’m)-

Let 5:>0 be a constant such that for points of (x5, - - -, x,)-space within
distance (n—1)'/2b; of I, (3.5) still holds and gives points within distance
n'/2%p of L. Let M be the larger of 1 and (#—1) - (maximum of | 8%,/dxs], - - -,
| 0£1/0.,| for points within distance (# —1)/2b; of 1,). Let € >0 be a constant,
with 0 <e; <b;. Then it follows from the law of the mean that if the coordi-
nates of a point (%, - - -, x,) differ from those of a point of /; by not more than
&, the corresponding values of #; differ by at most M. Let H be an upper
bound for the absolute values of the partial derivatives of order %, of all the
v’s, for points of O within distance #'/2b of L. Now we apply Taylor’s theorem
with the remainder to the functions in (3.4), for two points of the locus (3.5),

* In using this property to show that the closed set is nowhere dense, namely that it has Jordan
measure zero, we follow K and S.

t That the class of £ is at least that of 8% 11,/3x,*™! is seen easily from the formulas for the de-
rivatives of #.
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one on Ly, whose respective coordinates xs, - - - , x, differ by at most ¢;. Hence
their coordinates x, differ byiatfmosttM e1= €. In applying Taylor’s theorem,
all derivatives of orders less than' are taken at the first point, and the re-
mainder term is a sum of derivatives of order k. Therefore, by (3.6), the
corresponding two points in (#)-space have coordinates respectively differing
by less than

ﬂk(Mél) k H1
-_ . [ — k
w A=y et
Therefore if we cover a portion of (x,, - - - , #,)-space containing /, by a net-

work of (n—1)-cubes, of edge e, each of which has at least one point in /,,
each of these cubes is mapped by (3.5) and (3.4) on a subset of a cube in
(u)-space of edge Hi(e)*. The ratio of the volumes of two such cubes is
(H,)™(&) ¥m=n+1, Since k =k, km—n+1>0. As e can be made as small as
we like, we conclude that the image of L, has Jordan measure zero, hence is
nowhere dense. :

If k=2, Lemma 3.1 is now proved. If #<2m then % must equal 1 or 2,
and we see that we have now proved the following:

Lemuma 3.11. If n<2m, Lemma 3.1 is true.

If £>2, we continue with the proof of Lemma 3.1. Again by use of Lemma
2.I we find that we can next turn our attention to a closed subset L; of L,
neighboring a point of L, with all partial derivatives of v;, - - - , v, of orders
1to £—2 inclusive, zero at each point of Ls, but with some particular (k¥ —1)st-
order partial derivative, say 9% 'v;/dx,*"!, not zero in L;. Applying the im-
plicit function theorem to the locus 9*~%,/9x,*2=0, we obtain x,=£:(xs,
-+, %a), &5 of class C¢—#+2, We substitute this function into the equations
(3.4), obtaining

(37) ui=§-i(x2"":xn) (j’_‘l)"':m)»

with {; of class C¢~—*+»_ We can now apply mathematical induction, since
if we reduce the situation to that of m functions of a number of variables not
greater than m/2, the corresponding £ will be not greater than 2, and we can
then apply Lemma 3.1I. Since in (3.7) we have m functions of »—1 variables,
of class C¢-*+? it follows that we can apply the inductive process provided
t—k+2=t(m, n—1). Since ¢=¢(m, n) and k =k, (3.3) is seen to ensure the
fulfillment of this condition when # >2m.

Continuing in this way we finally find that Lemma 3.I is valid provided
t—k+v=t(m, n—1), for a finite (possibly vacuous) set of values of »>2. As
this inequality is a consequence of the one above, we conclude that Lemma
3.1is true.
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Let (cf. (3.1))

(3.8)  slm, 1) = knlek kot kit ke
ifn—2m+r>1,
(3.9) smy, n, 1) = km_y ifn—2m+r=1.
THEOREM 3.III. Given the functions vi(xi, - - -, %), of class C®, s=1
(j=1, - - -, m), in a domain D of real (x)-space, let J denote the matrix of first

partial derivatives. Let B be a closed bounded subset of D, at each point of which
J has rank <r<m, with r a non-negative integer. Suppose s=s(m, n, r). Then
under the transformation

(3.10) w; = vi(x1, - -, %) G=1,---,m),
the image of B in (w)-space is nowhere dense.*

According to Lemma 3.1, if L is the subset of B at each point of which all
the first partial derivatives of all the #’s are zero, the image of L is nowhere
dense provided

(3.11) t(m, n) <s.

For the moment we defer the verification of (3.11), and proceed with the rest
of the argument.

If L is all of B, nothing remains but to verify (3.11). If L is not all of B,
then 7 must be positive and we proceed as follows. According to Lemma 2.1
we need now consider only a closed subset A of B consisting of points in a
neighborhood of some point Q of B— L. Since Q is not on L, some first partial
derivative of a v; is different from zero at Q, say dv,/8x:%0. Applying the
implicit function theorem, we solve the first equation (3.10) in the form

x1=£3(ul’x2)"',xn), if”>1,

%1 = £3(u1), ifn=1,

(3.12)

with & of class C®, and substituting the result in the remaining equations
(3.10) obtain

wj = (s, Xz, - -+, %) G
u; = ¢i(u1) G
with ¢; of class C®. (Note that m>1 since >0 and m>r.) We treat the

case #>1, as it is then obvious how to treat the case n=1. We take A so
small that it is part of the locus for which (3.12) is valid. We now let \ be

(3.13)

]

2,---,m), ifn>1,
2,

-,m), ifn=1,

* If n<m, the only condition is that the #’s be of class C’, which is the result of K and S.
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the projection of A on (x3, - - -, x.)-space, and see, by Lemma 2.1, that it
will be sufficient to show that the set in (uy, - - -, u,)-space obtained from
(3.13) by taking (xs, - - -, %) anywhere in N\ and u, anywhere in a closed
neighborhood of the value determined by (3.10) at Q, is nowhere dense. It
is sufficient to prove that the set in (#s, - - - , %.)-space obtained from (3.13)
for each fixed value of %, is nowhere dense, for if a closed set is dense at a
point in (#)-space it must contain a neighborhood of the point. According
to Lemma 2.II1, the rank of the matrix of first partial derivatives of the ¢’s
in (3.13) with respect to xz, - - -, %, is <7—1. As the theorem is, by Lemma
3.1, proved for r=0 (except for verifying (3.11)), we can use induction with
respect to the rank, and since in (3.13) with %, = constant we have m —1 func-
tions of » —1 variables, it follows that to complete the proof of Theorem 3.I1I
we need merely show, in addition to (3.11), that

(3.14) stmyn,r) S sm —1,n—1,r—1) ifr > 0.

But if m, n, r are each reduced by unity, »—r, m —r and n—2m-+r are all
unchanged. Hence, by (3.8) and (3.9), (3.14) holds with the equality sign
when 7 >0. Therefore it remains only to verify (3.11).

First we note that if #=2m+1, then from (3.2) and (3.3) we have
t(m, n) =2+ky—2=kn=3. Hence

(3.15) tm,n) = knm ifn<2m+1.

Next, with the help of (3.1), we rewrite (3.3) in the following form, with
n replaced by »:

(3.16) tm,v) = koo + tm, v — 1), ifv> 2m.
Writing (3.16) for » =#, then substituting from (3.16) in the result with
v=n—1, etc., we obtain the following, when #>2m+1:

n—2m n—2m—1

(3.17) tom, m) = bm A e 4 oo+ ke + Hm, 2m).

From (3.2), t(m, 2m) =2, and combining the 2 with the first term of the right
hand member of (3.17) we obtain

(3.18) tm, ) = b+ Em " A Em o o+ ke, ifm>2m+ 1.

Case I. n=2m+2. Then n—2m+r>1 and (3.8) holds. Since in this case
n>m, kv .2k2 a relation between the first terms of the sums in (3.8) and
(3.18) respectively. The second:term in (3.8) is obviously (from (3.1)) at
least as great as the second term in (3.18), etc. As there are at least as many
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terms in (3.8) as in (3.18), it follows that in Case I (3.11) is satisfied, since
szs(m, n, 7).

Case II. m<n=<2m+1. As in Case I, k,_,=k,. It then follows from
(3.15) that (3.11) is satisfied, whether (3.8) or (3.9) is used.

Case III. n<m. According to (3.15), ¢{(m, n) =1, hence again (3.11) is
satisfied. This completes the proof of Theorem 3.III.

We see from (3.8), (3.9), (3.15), and (3.18) that s(m, n, 0) =¢(m, n). Since,
as we have observed, (3.14) is satisfied with the equality sign, and the values
of t(m, n) were derived from (3.2) and (3.3) which were used in the proof of
Lemma 3.1, it follows that our treatment does not admit any smaller value
for s than s(m, n, r) as given by (3.8) and (3.9).

4. Dependence of real functions. After a preliminary theorem, which is
an extension of a theorem of K and S, we obtain our theorem on dependence
of real functions, following the procedure of K and S.

THEOREM 4.1. If M is a closed set of the real number space of wy, - - + , Wa,
there exists a function F(ws, - - - , wa) =F(w) of class C in all of finite (w)-
space, which vanishes only at the points of M in (w)-space.

First divide (w)-space by the hyperplanes w,=0, +1, +2, ... (k=1,

-, n), and let [¢q:] denote the set of the resulting closed hypercubes which
contain no points of M. For s=2, 3, - - -, we consider the hyperplanes
wi=0, +1/2¢, +2/2¢, +3/2¢, - - . (k=1, - - -, m), and, for each s, let [g,]
denote the set of those of the closed hypercubes into which these planes divide
(w)-space, which contain no point of M and no inner point of any cube g¢;
with j <s. Next, fors=1,2,3, - - -, we define

(4.1)  fu(w) = s~*-exp |— (sin (2*7w,) sin (27 w;) - - - sin (27 w,) "]
in each cube of [g.], and f,(w) =0 elsewhere. Then we define f(w) =f(w)
+fo(w) +fs(w)+ - - - . Itis easily verified that f(w) is of class C¢>. Evidently

f(w) =0 at each point of M, but f(w)#0 in any region.*
Now let a;=0 and a, denote the positive square root of the (¢—1)st posi-

tive integer which is not a perfect square, =2, 3, - - - , n+1. Thus a? =2,
af =3, a? =5, etc. For t=1, 2, - - -, n+1, let M, denote the set obtained
from M by subjecting it to the transformation w;’ =w;4a; (=1, - - -, n),

and ¢.(w) the function defined exactly as f(w) was defined, but with M re-
placed by M, in determining ¢ .(w). We denote ¢.(w+a.) =¢(wr1+a:, wa+a,,
©, Wata). Let F(w)=¢i(w+a)+oe(w+tas)+ - -+ +dnp(w+tanp).

Then F(w) is of class C in (w)-space, since f(w) is, and obviously vanishes

* This paragraph is taken from K and S, where further details are given. We may replace the
function in (4.1) by a simpler one, as they did, if f(w) is not required to be of class C,
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on M. Furthermore, F(w) vanishes only on M. For, since f(w) 20, if F(b) =0,
then ¢1(b+a1) =pa(b+as) = - - - =¢ny1(b+an41) =0. From the definition of
¢+(w) it follows that for ¢=1,2, - - -, n+1 at least one of the sums b;+a,,
ba+as, - - -, bu+a. would be rational if (b) were not on M. Let bn,+a; be
onesuch, =1, - - - , n+41. Since there are only # b’s, we see that one of them
must occur twice in such a sum. Thus b,,+a, and b,,+a, must both be ra-
tional, p <g, for some m, p, ¢. Thus e, would equal a,+r7, r rational and =0
since ¢,#a,; and by equating the squares of these two expressions, we would
have a, rational. But if a positive integer ¢, is not a perfect square its square
root is irrational, as follows from the theorem of unique factorization of posi-
tive integers. Hence we would have a contradiction, and it follows that Theo-
rem 4.1 is true.*

Next we state the definition of functional dependence, including the case
that parameters are involved.

DEFINITION 1. Functions vi(%1, - * + ) Xy Y1, * = = Vo), 1 =1, - + -, m, de-
fined on a closed bounded set B of (x, y)-space, are said to be dependent in
X1, - -+, % 0n Bif there is a function F(wy, - + - , m, V1, - - * , Vp) With the fol-
lowing properties.

(i) F(u, v) is defined in all of real (u, y)-space and has continuous partial
derivatives of the first order there.

(ii) For each (y°), F(u, v°)#£0 in each region of (w)-space.

(iii) F[vl(xr y): ) vm(xy }’), Y =y y?]Eq)(x: y) =0 at each point 0f B.

DEFINITION 2. Functions vi(xy, - + + , %ay Y1, * =+, Vo), j=1, - - -, m, de-
fined in a domain D of (x, y)-space, are said to be dependent in x1, - - -, Xa
on D if they are dependent in x,, - - - , %, on every closed subset of D.

THEOREM 4.11. Let v;(%1, - + + , Xy Y1, * - * » ¥p) be given of class C®,s2=1,
in a domain D of real (x, y)-space, j=1, - - - , m, and where the y’s may be
lacking. Let K be a closed subset of D at each point of which the matrix of the
first partial derivatives of the v's with respect to the x's is of rank =r, where
0=r<m,r a fixed integer. Suppose s =s(m, n, r) [see (3.1), (3.8), (3.9)]. Then
the functions vi(x, y) are dependent in x,, - - + , %, on K.t

Let M denote the locus of all points of (%, y)-space satisfying the condi-
tion that there be at least one set &, - - -, &, such that (£, y) is on K and
wi=v;(¢,v),7=1, - - -, m. Since K is closed and bounded, M is closed (and
bounded). Hence, by Theorem 4.1, it is seen that Theorem 4.II is true if M

* A more direct proof without use of the irrational quantities is easily given, but the exposition
would be cumbersome.

t The theorem of K and S requires that n<m. Added in proof: E. Kamke has proved this theo-
rem for the special case #=m-1; see Mathematische Zeitschrift, vol. 39 (1935), pp. 672-676.
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is nowhere dense. Since M is closed, it is sufficient to prove that for each fixed
set (y1, - * +, ¥»), the corresponding subset of M is nowhere dense. But this
follows from Theorem 3.II1. Hence Theorem 4.IT is true.

THEOREM 4.I11. Theorem 4.11 remains true if K =D (hence not closed).
This follows from Definition 2.

THEOREM 4.IV. Theorems 4.11 and 4.I1I1 remain true if, in Definition 1,
F is required to be of class C, and F(u, y) =0 only at points for which
u;=vi(x, y) for some (x) with (x, y) on B.*

Theorem 4.IV was actually proved in establishing Theorems 4.I1 and
4.111.

5. Several functions of several complex variables. When for m»>2 ana-
lytic functions of several complex variables the rank of the matrix of first
partial derivatives is less than m, it follows from Osgood’s examples that we
cannot establish the existence of an analytic relation, even in the small. How-
ever, we prove a geometric result, which applies in the large.

LemMA 5.1. Let the functions fi(xi, - - -, %a, Y1, - -+, Yo) =fi(x, ¥),
j=1,- - -, m, be analytic in a domain D of the real (2n-+2p)-space of the n+p
complex variables ., - - - , yp. Let B be a closed subset of D at each point of
which 8f;/3x,=0,7=1, - - ,m,r=1, - - - n. Then the points (41, - - + , tm,
Y1, -+ -, Yp) of the set B’ obtained by use of the equations

(5.1) ui=fi(x1y) (j=17"':m)’

at all points of B, form a set nowhere dense in the (2m+2p)-dimensional (u, y)-
space, and having the property that it cannot disconnect any region of that space.

First we prove that B’ is nowhere dense. Let B, be the part of B in any
subspace defined by yr=y2, k=1, - - -, p, and B¢ the corresponding part
of B’. If there are no y’s, we take Bo=B, and By =B’. Then we have the
functions u; =f;(x, y°) of the #’s only, satisfying df;/dx,=0. Now neighboring
any point of B, the simultaneous solution of the latter mn equations is given,
according to the Second Weierstrass Preparation Theorem,{ by a finite num-
ber of configurations, each with a certain positive number of independent
variables, provided not all the left hand members of the equations are iden-
tically zero. From the conditions df;/9x,=0 holding on each of these con-
figurations it follows that on each of them f;=u;=constant, j=1, - - -, m.
In the case that all the left members of the equations are identically zero,

* The last part of this theorem is not proved by K and S in their case n<m.
t Osgood II, chapter 2, §17.
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each f;is obviously constant. Since By is closed we can apply the Heine-Borel
theorem to it, and it follows that

(Bd): Bd{ contains only a finite number of points.

Since B’ is closed it must then be nowhere dense, for a closed dense set must
contain a region.

To prove the second part, we must show that if R is any region (connected
open set) of (u, y)-space, and Ry =R —RB’, then R is a region. It is obviously
open. Now if there are no y’s, the result follows from (B¢ ). Hence we may
suppose that there are some ¥’s. Let C and D be any two points of R;, and
let them be joined by a path / consisting of straight line segments CS;,
S1Sz, « - -, SeaSy, SiD, all in R. We take the segments (by inserting addi-
tional points if necessary) in length <d, where the distance from / to any
boundary point of R is greater than 3d. From property (B¢ ) it follows that
the S’s can be changed slightly, in each case keeping the y’s fixed, so that
none of them is on B’. Let this be done, with everything mentioned above
still holding.

We now show how to replace the line segments by paths in R, if they are
not already entirely in R;. We take CSy, say. Let C,, S1, and L denote the
projections on (y)-space of C, S; and the segment CS}, respectively. For each
point of L we now determine a subsegment of L as follows. To a point 4 of
L, not C, or Sy, we first let correspond a point P(4) of R, which projects
onto (y)-space in the point 4. The existence of such a point P(4) follows
from property (B¢ ). The subsegment of L determined by A4 is now chosen
as one with mid-point at 4 and so short that the parallel segment through
P(4) in (u, y)-space, of the same length and with mid-point at P(4), is
within R, and also within a sphere = with radius 2d and center at the mid-
point of CS;. If 4 is at C, or Sy, the corresponding subsegment of L is simi-
larly defined, but has 4 as one end point. We now apply the Heine-Borel
theorem and choose a finite set of these subsegments of L which cover L,
and shorten some of them if necessary so that they just cover L but no two
of them have more than one point in common. If Cy, E,, E,, - - - , E,, S1, are
the points 4 determining these subsegments, the corresponding parallel line
segments through the points P(C,) =C, P(E,)), - - - , P(E,), P(S1,) =S: will
constitute part of the path in R, joining C to Si. The remainder of that path
consists of a finite number of curves constructed as follows.

Let F, and F, denote end points of two of these line segments which pro-
ject onto a single point of L (common end point of two of the subsegments
of L). It is then sufficient to join F; and F, by a curve in R,. But F; and F,
lie in a space § defined by yx=constant, k=1, - - -, $, which, according to
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(B¢'), contains only a finite number of points of B’. Hence any curve interior
to 2 and on §, joining F; to F; and avoiding this finite set of points, will be
satisfactory. It follows that Lemma 5.1 is true.

THEOREM 5.II. Let the functions fi(x1, - -, %ay Y1, =+, ¥o) =fi(x, ),
j=1, - - -, m, be analytic in a domain D of the real (2n+2p)-space of the n+p
complex variables xy, - - - , ¥p. Let K be a closed subset of D at each point of
which the matrix of the first partial derivatives of the f’s with respect to the x’s
is of rank Zr<n. Then the points (wy, - - -, Um, V1, - * +, ¥p) Of the set K'
obtained by use of (5.1) at all points of K, form a set nowhere dense in the
(2m—+2p)-dimensional (u, y)-space, and having the property that it cannot dis-
connect any region of that space.

The theorem is also true if there are no y’s.

Let B denote the (closed) subset of K at each point of which every de-
rivative 9f;/dx;=0. We now apply Lemma 2.11,as follows. The x’s of Lemmas
2.I and 2.IT are the real and imaginary parts of the #’s and y’s of Theorem
S.II. For equations (2.1) we now have the equations resulting from (5.1)
involving those parts and the real and imaginary parts of the #’s, together
with the 2p equations resulting from

(5.2) Ui = Yij-m (j=m+1"":P)'

Thus the m of Lemma 2.II is 2m+-2p of Theorem 5.II. Now according to
Lemma 5.1, the image B’ of B under (5.1) and (5.2) satisfies the conclusion
of Theorem 5.II, hence satisfies the first hypothesis of Lemma 2.II. To com-
plete the proof of the theorem we now see that it will be sufficient to show
that the second hypothesis of Lemma 2.11 is also satisfied.

If =0, K — B is vacuous and no further proof is necessary.

If K—B is not vacuous, at any point of K —B at least one first partial
derivative is not zero, say 9f;/8x,70. By the implicit function theorem the
first equation of (5.1) then has a solution which can be substituted in the re-
maining equations (5.1), yielding

(503) “i=gi(x2:""xmyh"')ymul) U=2;""m)’

g; analytic, with %; now one of the parameters, say #;=7y,41. According to
Lemma 2.IIT the matrix of the first partial derivatives of the g’s with respect
to x5, - -+, %, is of rank <r—1. Since Theorem 5.II is true when r=0 it is
true when m=1. Hence if m>1 we can apply mathematical induction and
assume that it is true for m —1 functions. Since r—1 is less than m—1, it
then follows that Theorem 5.11 is true for the m —1 functions of n—1 varia-
bles and p+1 parameters given by (5.3), here considered only neighboring a
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point. Hence the second hypothesis of Lemma 2.1I is satisfied, and Theorem
5.I11is true.
6. The case of two analytic functions. We prove the following theorem.*

THEOREM 6.1. Let f(x, y) =f(x1, - = -, %n, 31, - - =, ¥5) and g(x, y) be given,
analytic, with the matrix of the first partial derivatives of f and g with respect
to %1, - + -, %n of rank <2, neighboring a point P: (x°, ¥°) of the space of the com-
plex variables xy, + - - , Vp, and with f(x, y°) not identically constant. Then f and
g satisfy an analytic relation.

More precisely, let uo=f(x°, y°) and vo=g(x° ¥°). Then there exists a func-
tion G(ys, - -+, Yo, %, V) =G(y, %, v), a polynomial in v with coefficients analytic
in (y, u) near (°, uo), such that Gy, f(x, y), g(x, )] =0; and if G(3*, s, 1) =0
for (yY, w1, v1) in a neighborhkood of (y°, uo, vo), then uy=f(x, y1), vn=g(x, ¥,
for a (2n—2)-dimensional set of points (x) near (x°).1

The theorem is also true if there are no y’s.

By a change of variables if necessary we may assume that 0 =u, =2, =2x
= ... =99 We also make a change in the «’s only so that f(x,, 0, - - -, 0;
0, - - -, 0)5#0. That this is possible follows from one of the hypotheses. We
now establish

(6-1) ¢(x’ Y u) Ef(x’ y) —u= H(x’ Y u)ﬂ(x: Y u):
where Q(x, y, %) is analytic and not zero near (0, 0, 0), and

G TEywSsttdilanec,m ezt
. + Am(x2, cee Xy Y, u)

where the A’s are analytic near (0, 0, 0), and 4;(0, 0, 0) =0, j=1, - - -, m.
In (6.1) the first identity simply defines ¢. Next we note that since
flx, 0, - - -, 0)5£0, ¢(x1, 0, - - -, 0, 0)520, so that we can apply the Weier-
stress Preparation Theorem] to ¢, giving us the second identity in (6.1), to-
gether with (6.2).

Since ¢, = —150, ¢ is irreducible§ at (0, 0, 0), hence we see from (6.1)
that H is irreducible at (0, 0, 0). Therefore the discriminant|| A(xz, - - -, %a,

* The theorem of Bliss requires that » <2. Cf. Bliss or Osgood, loc. cit.

t A 0-dimensional set is non-vacuous.

1 Osgood II, chapter 2, §2.

§ An analytic function is reducible at a point P if, neighboring P, it is expressible as the product
of two analytic functions, each vanishing at P.

|| Any definition of discriminant may be used, since if one of them vanishes identically, so do the
others.
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v, w) of H is not identically zero, and where A0 the roots of H =0 are dis-
tinct analytic functions.* Let the roots be

(6.3) %y = £i(®2, - c * y Xny 3, ¥) G=1,---,m)
and define
(6.4) F(xﬁ’ oty %y Y, U, 1))

= IIl{v - glEi(xh ttta%n Y “)’ X2y ** 5 Xn,y 3’]} .
P
Then F is easily seen to be single-valued and analytic where A>0 near
(0, 0, 0, 0), and bounded in modulus. Hence, by a theorem of Kistler,} F is
analytic in a neighborhood of (0, 0, 0, 0). We shall now show that F is inde-
pendent of x5, - - -, x,.
At any point (xz, - - -, %,, ¥, 4) where A0, for s>1,

id a
Fz: = - Zl:(gﬁ' L + g=.>

g=1 ax,

(6.5)
‘ H{?)— g[éi(x% ct oty Xy y:“): X2y © 5 Xny y]}:I’

44

with £, as the first argument of g, and of g,. Now f,,>0 at any point
[Ealaay - -, %ny v, ), %2, - - -, %a, ], for since (6.3), solution of H =0, is
satisfied, we see from (6.1) that if f;,=0 then H,, =0, and as both H and H.,
would thus be zero, A would =0, contrary to hypothesis. Since f.,0, and

(6.3), solution of H=0, is by (6.1) also a solution of f(x, y) —% =0, it follows
that

2
0%,

= - f’c/le)

with x; =§£, in evaluating the right hand member. Substituting this value in
(6.5), ¢g=1, - - -, m, and using the hypothesis about the rank of the matrix
of partial derivatives, we see from (6.5) that F.,,=0 where A>=0. By con-
tinuity, F,,=0. Hence F is independent of the x’s, and we can write

(6'6) F(x27 ot %n Y, U, 1)) = G(y, U, 1")'

Now if w=f(x, y) and v=g(x, y) for (x, y) near (0, 0) so that (u, ) is
near (0, 0), then from (5.1) we see that H(x, v, 4) =0, so that x; must be one
of the roots £; of that equation given in (6.3). Hence, in one of the m factors

* Cf. Osgood II, chapter 2, §9; chapter 1, §6.
1 Osgood II, chapter 3, §5, Theorem 1.
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on the right hand side of (6.4), the first argument of g is x1. Since v=g(x, ¥),
that factor is zero, so that F =0, and from (6.6) we then see that G=0. Thus
Gly, f(x, v), g(x, ) ] =0, as was to be proved.

Conversely, if G(y, %, v) =0 at a point near (0,0, 0), if >1 and we take
any (%, * - -, %) near (0, - - -, 0), then we see from (6.6) that at least one
factor on the right hand side of (6.4) is zero. Hence if we let x, be a proper
one of the roots (6.3) of H =0, then v will equal g(x1, %2, - - - , %a, ¥), and, since
H(x,y, w)=0, from (6.1) we see that u=f(x1, - - -, %, ). Hence the second
conclusion of the theorem is true when #>1. If #=1 there are no variables
X3, - * +, %n, and the argument simplifies, giving the stated result. Hence
Theorem 6.1 is true.
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